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Abstract

In this paper we develop a new analytical methodology for the evaluation of the outage
probability of cooperative decode-and-forward (DF) automatic-repeat-request (ARQ) relaying
under packet-rate fading (fast fading) channels, where the channels remain fixed within each
ARQ transmission round, but change independently from one round to another. In particular,
(i) we derive a closed-form asymptotically tight (as SNR — o0) approximation of the outage
probability, (ii) we show that the diversity order of the DF cooperative ARQ relay scheme is
equal to 2L — 1, where L is the maximum number of ARQ retransmissions, and (iii) we develop
the optimum power allocation for the DF cooperative ARQ relay scheme. The closed-form ex-
pression clearly shows that the achieved diversity is partially due to the DF cooperative relaying
and partially due to the fast fading nature of the channels (temporal diversity). With respect
to power allocation, it turns out that the proposed optimum allocation scheme depends only on
the link quality of the channels related to the relay, and compared to the equal power allocation
scheme it leads to SNR performance gains of more than 1 dB. Numerical and simulation studies
illustrate the theoretical developments.

Keywords: Automatic-repeat-request (ARQ) protocol, cooperative decode-and-forward
(DF) relaying, outage probability, wireless networks.

1 Introduction

Conventional wireless networks involve point-to-point communication links and for that reason do
not guarantee reliable transmissions over severe fading channels. On the other hand, cooperative
wireless networks exhibit increased network reliability due to the fact that information can be
delivered with the cooperation of other users in networks [1]-[12]. In particular, in cooperative
systems each user utilizes other cooperative users to create a virtual antenna array and exploit
spatial diversity that minimizes the effects of fading and improves overall system performance.

Cooperative communications, also known as relay channels, was first introduced in [7] in which



a three-way channel was analyzed based on the capacity region. In [8]-[10], relay channels have
been analyzed from an information-theoretic point of view. With respect to practical/realistic
cooperative communication protocols for wireless networks, past literature includes, but is not

limited to, the work in [1]-[6], [11, 12] and the references therein.

Automatic-repeat-request (ARQ) protocols for wireless communications have been studied ex-
tensively in the past and proved themselves as efficient control mechanisms for reliable data packet
transmissions at the data link layer [13]-[19]. The basic idea of ARQ protocols is that a receiver
requests retransmission when a packet is not correctly received. Recently, in an effort to increase
network reliability over poor quality channels, ARQ protocols were studied in the context of coop-
erative relay networks [20]-[22]. In particular, [20] was among the first such studies to present a
general framework of cooperative ARQ relay networks. It was shown that cooperative ARQ relay
networks have great advantages in terms of throughput, delay, and energy consumption compared
to conventional multihop ARQ networks in which point-to-point ARQ links are concatenated to
form network routes. In [21], information-theoretic analysis was developed and upper bounds for
the diversity order of a decode-and-forward (DF) cooperative ARQ relay scheme were character-
ized for both slow and fast fading channels as a means to study the diversity-multiplexing-delay
tradeoff. In [22], a closed-form expression of the outage probability of the DF cooperative ARQ
relay scheme was obtained for slow fading channels, but, unfortunately, the introduced approach

cannot be extended to fast fading channels.

Outage probability is, arguably, a fundamental performance metric for wireless ARQ relay
schemes and so is the diversity order. In this paper, we develop a new analytical methodology for
the treatment of DF cooperative ARQ relay networks in fast fading (packet-rate fading) channels,
which leads, for the first time, to a closed-form asymptotically tight (as SNR — co0) approximation
of the outage probability. The closed-form expression shows that the overall diversity order of
the DF cooperative ARQ relay scheme is equal to 2L — 1, where L is the maximum number of
ARQ retransmissions. The achieved diversity is partially due to the DF cooperative relaying and
partially due to the fast fading nature of the channels (temporal diversity due to retransmissions
over independent fading channels). We note that the diversity of the direct ARQ scheme (without
relaying) is only L and it is due to the fast fading nature of the channels. Based on the asymptot-

ically tight approximation of the outage probability, we are able to determine the optimum power



that needs to be allocated at the source and at the relay of the DF cooperative ARQ relay scheme
for any given total transmission power budget. The optimum power allocation depends on the
variance values of the channels involved and the maximum number of retransmissions allowed by
the protocol. It turns out that the conventional equal-power allocation strategy is not optimum,
in general, and the optimum power allocation relies heavily on the link quality of the channels
related to the relay. Extensive numerical and simulation results included in this paper illustrate

and validate the theoretical developments.

The paper is organized as follows. In Section 2, we describe briefly the DF cooperative ARQ
relay scheme and the fast (packet-rate) fading channel model. In Section 3, we first develop two
useful lemmas which form the basis of our analytical approach. Then we derive our asymptotically
tight approximation of the outage probability of DF cooperative ARQ relay scheme. In this section,
we also include the outage probability expression of the direct ARQ transmission scheme for com-
parison purposes. In Section 4, we determine the optimum power allocation for the DF cooperative
ARQ relay scheme, and in Section 5 we present numerical and simulation studies. Finally, some

conclusions are drawn in Section 6.

2 System Model

We consider a cooperative ARQ relay scheme with one source, one relay and one destination as
illustrated in Fig. 1. The DF cooperative ARQ relay scheme works as follows. First, a data
packet of b bits is encoded into a sequence of length LT, where L is the maximum number of ARQ
retransmission rounds allowed in the protocol and T is the duration of a single ARQ retransmission.
Then, the sequence comprises L different blocks each of length 7. In each ARQ retransmission
round a block of the message is sent, so the transmission rate is R = /7. When the source transmits
a block of the message to the destination, it is also received by the relay. The destination indicates
success or failure of receiving the message by feeding back a single bit of acknowledgement (ACK)
or negtive-acknowledgement (NACK). The feedback is assumed to be detected reliably both by the
source and by the relay. If an ACK is received or the retransmission reaches the maximum number
of rounds, the source stops transmitting the current message and starts transmitting a new message.

If a NACK is received and the retransmission has not reached the maximum number of rounds,



Figure 1: Illustration of the cooperative ARQ relay scheme with one source, one relay and one
destination.

the source sends another block of the same message. If the relay decodes successfully before the
destination is able to, the relay starts cooperating with the source by transmitting corresponding
blocks of the message to the destination by using a space-time transmission scheme [21] (e.g. the
Alamouti scheme [23]). The destination combines the received signal in current round and those
in previous rounds to jointly decode the data packet. After L ARQ retransmission rounds, if the
destination still cannot decode the data packet, an outage is declared which means that the mutual

information of the DF cooperative ARQ relay channel is below the transmission rate.

The DF cooperative ARQ relay scheme can be modeled as follows. The received signal y;,, at

the relay at the m-th (1 < m < L) ARQ retransmission round can be modeled as

Yrm = V Pshsr,mxs + Tlrom s (21)

where P; is the transmitted power of the source signal x, hgm, is the coefficient of the source-relay
channel at the m-th ARQ retransmission round, and 7, ,, is the additive noise. If the relay is not
involved in forwarding, the received signal 34, at the destination at the m-th ARQ retransmission

round is
Ydm = V Pshsd,ml‘s + Ndm» (2'2)

where hgq,y, is the source-destination channel coefficient at the m-th ARQ retransmission round. If
the relay receives the data packet from the source successfully, it helps in forwarding the packet to
the destination using the Alamouti scheme. Specifically, each block zs of the data sequence can be
considered as having two parts, z,1, and zs2 (i.e. 5 = [xs1 xs2]). The relay forwards the block

in the form of z, = [—mzz le] The received signal y4,, at the destination at the m-th ARQ
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retransmission round can be written as

Ydom = V Pshsd,mxs + v Prhrd,ml'r + Nd,ms (2'3)

where P, is the transmitted power at the relay and h;q,, is the channel coefficient from the relay
to the destination at the m-th ARQ retransmission round. At the destination, the message block
xs can be recovered based on the orthogonal structure of the Alamouti code [21, 23]. The channel
coefficients hgq.m, hsrm and hpq,, are modeled as independent, zero-mean complex Gaussian ran-
dom variables with variance U§d7 o2, and U?d, respectively. We consider a fast fading scenario, i.e.
the channels remain fixed within one ARQ retransmission round, but change independently from
one round to another (packet-rate fading). The channel state information is assumed to be known
at the receiver and unknown at the transmitter. The noise terms 7,,, and 74, are modeled as

zero-mean complex Gaussian random variables with variance Njp.
3 Outage Probability Analysis
3.1 Two Lemmas

First we develop two lemmas that will paly a key role in analyzing the outage probability of the

DF cooperative ARQ relay scheme.

Lemma 3.1 If u,, . s, and v, s, are two independent scalar random variables satisfying the

following properties

M
Jim JTs - Priug,.s <t =a- f(1),
1<i<M i=1

M
s}ilnm 5?2 - Pr ['Usl,n-,SM <t]=0b-g(t),
1<i<M i=1

where dy,da,a and b are constants, f(t) and g(t) are monotonically increasing functions, and f’(t)

1s integrable, then

M t
Jim, T[S0 Prltty oy + Vary <t = b [ g(a)f (¢~ 2)d, (3.1)
1<i<M i=1 0



Proof : For any partition U of the interval [0, t], i.e. U = {ug,uq,...,us} with ug = 0 and

uy = t, we can obtain upper and lower bounds of the event {wus, s, + Vs,...s,, <t} as follows:

J

{u51w~,sM 1 Vsy,sm < t} C U{Uj—l S Uy, < Uj} N {vsl,-wsM <t- Uj—l}v (3:2)
j=1
J

{u517---75M t Usy,sm < t} 2 U{Uj—l S Usy,sy < uj} N {1’81,---,8M <t- uj}' (3.3)
j=1

The upper and lower bounds in (3.2) and (3.3), respectively, are considered as a union of rectangles
between u;_1 and u; for 0 < j < J. First, let us focus on the upper bound. The probability of the

subset {u;—1 < s, sy < Ui} N{Vs, s, <T—uj_1} can be calculated as

Priuj—1 <t o < Ui Vs, sy <t —Uj_1]

= {PI" [u317~-->3]b1 < uj} —Pr [usl,-n,SM < ujfl]}Pr [vsl,n-,SM <t- ujfl] : (3'4)
Then,
M
Jim T - Priuj1 < v < w5, Ver,ey <t —ujo] = ab- {f(ug) = fuj-1)}g(t — uja),
1<i<M i=1
(3.5)
and for any monotonically increasing functions f(t) and g(¢),
M J
SUPgy Sihlnoo H 5?1+d2 Prus, sy Vs sy < S ab- Zg(t —wj—){f(uy) — fuj-1)}. (3.6)
1<i<M i=1 j=1
Similarly,
M L
infy; s_h_{nm 8?1+d2 - Pr [u81,~~~78M t Usy,sm < t] > ab- Zg(t - u]){f(uj) - f(uj—l)}' (3.7)
1<i<M i=1 j=1

The above upper and lower bounds are good for any partition U = {ug, u1, ..., us} over the interval
[0, t]. Since f’(t) is integrable, then, for J — oo, the sum terms in (3.6) and (3.7) converge to the

same integral fg g(x)f'(t — z)dz. Therefore we have the result in (3.1). [ |

We note that the special case of Lemma 1 with M = 1 was presented in [24]. Lemma 3.1 will
be used to approximate the outage probability of the ARQ schemes at high SNR scenario. In the
following, we define a key function F, (01, ..., Bn;t) which will be used to characterized the outage

probability of the DF cooperative ARQ relay scheme. For any integer n > 2 and non-zero constants

/617 /627 e 76717 define

t Tn x2
Fn(ﬁlv cey /Bna t) é / / PPN / 251$1+ﬁ2$2+-..+5nxndxlde . d.’Bn (38)
0 JO 0



The following lemma evaluates F, (B, ..., Bn;t) in closed-form?.

Lemma 3.2 For any integern > 2 and non-zero constants 31, B2, « -+ , Bn, the function F,,(B1, ..., Bn; t)

can be calculated as follows

(=DM In2) T s syae
Fo(Bi,s ooy B t) = n " oS ina(®A]t _ 1) | 3.9
D e VAN DY TIEI ( ) 39

{0,1}

where the variables 81,02, ...,0n—1 € {0,1}, 6 = {01, 02, ...,0n—1}, and the coefficients {in 1 (8) : 1 <

m < n,1 <l <m} are specified as
011(0) = i22(0) = =ippn(d) =1,
and, for any m=2,3,...,n

im(0) = Om—1 - im—14(8), 1=1,2,....,m—1.

Proof : We use induction to prove the result for any integer n > 2. When n = 2, it is easy to

see that
Fy(B1, Bo;t) = / / 2ﬂ1$1+ﬁ2rzdx1dx2
(In2)~

—1
- ) )

= (—1)2+91 (In2) 2 o[Si2n(8)8]t _ ¢ 510
51§0,1} | B (> ima(0)5] < )’ (3.10)

i.e. the closed-form expression in (3.9) is valid for n = 2. Next, we assume that the result in (3.9)

is good for n = k, where k is any fixed integer greater or equal to 2. Then, for n =k + 1,

t rTr4a T2
Fk‘—f—l(ﬁly ey /Bk+1; t) = / / . / 2611‘1+52$2+~..+ﬁk+1$k+1dmldmz L. d$k+1
0 JoO 0

t T4 )
—_ / / .. / 9b1z1+P2xa+ -+ BTk deidag - - - day 2Bk +1%k 41 dxk—i—l
0

-/

~~

Fr (81583 Trg1)

t
= / F(B1, ooy Brs Tpn) 200017640 Ay (3.11)
0

! Arguably, the significance of Lemma 3.2 goes beyond the problem considered in this paper.



According to the induction assumption, we have

Th+1
Fk(517~--,ﬂk;$k+1) = / / / ob1z1+pPazat- +ﬁkxkdx1dx2 -dxp,

)k+(51+ +0k— 1(1112)

51,§€_1Hm:1 [ Y2 im(6) 5]

€{0,1}

Substituting (3.12) into (3.11), we obtain

( o[t ikt (8)Bi]erir _ 1). (3.12)

Frv1(B1s oo Bt t)

k+01+40k— -k pt
_ Z (_i) +01++0p 1(1112) / (2[2?21 ik,l(5)5l+ﬂk+1]$k+1 _ 2ﬁk+1xk+l>d$k+1
51 gy et [0 0m(8)81] Jo

€{0,1}

- 51,§1 H]:nzl [2?;1 im,l(‘s)ﬁl] : [2521 ir,(0) 51 + 5k+1]

e{0,1}

B Z (;1)k+61+~.-+5k71(1n2)—(k+1) <25k+1t B 1)
5. o e [ X021 9ma(0)B1] - Brn

c{0,1}
Z (_1)k+1+51+”'+5k(1n2)_(k+1)
51,0k T12 [ ima(8)3]
€{0,1}

where 0, € {0,1}, ip4144+1(0) =1 and ipy1(6) = 0 - i4(5),l = 1,2, ..., k. Also, we have

(_1)k+51+"'+5k—1 (1n2)—(k+1)

<2[Zf:1 ik, (8)Br+Brsat _ 1)

(2[25211 ik+1,1(8)A]t _ 1>, (3.13)

k+1
. if 5. = 1:
Zlk—kl,l(a)ﬁ { ﬁZl 1 iy l( )/Bl + 5k+17 1f 5k - 07 (314)
=1 k+1, k — Y.

Therefore, the closed-form expression in (3.9) is valid for n = k + 1, which completes the proof. B
3.2 Outage Probability of the Direct ARQ Transmission Scheme

For comparison purposes, in this subsection, we evaluate the outage probability of the direct ARQ
transmission scheme. The destination of a direct ARQ transmission scheme receives information
from the source directly, without involving the relay. The mutual information between the source

and the destination in the m-th round of the direct ARQ transmission scheme is

P
Isd,m = 10g2 <1 + j\/—s’hsd,m|2> . (3.15)
0

The total mutual information after L ARQ rounds is Iggt = 25:1 Isqm- Thus, the outage proba-

bility of the direct ARQ scheme after L ARQ rounds is

poubl = pr 1'% < R] . (3.16)



A closed-form expression of (3.16) is not tractable. An approximation of the outage probability for

high-SNR can be obtained as a direct application of Lemma 3.1 with M = 1:

No \*
Pout,L ~ 1
) () (3.17)
where gr,(+) is defined as
t
gn(t) = / gn_1(2)f'(t —x)dz, n>1, (3.18)
0

with go(t) = 1 and f(t) = 2° — 1. Expressions (3.17) and (3.18) appeared also in [24]. However, the
calculation of the coefficient gz, (R) that involves L recursive integrals was not treated in [24]. In

this paper, we develop a closed-form expression for the function g, (t) for any n > 1. Specifically,

since g, (t) = fg gn—1(x)f'(t — x)dx and f’(t) = 2'In2, we have

t prn—1 X9
) = // / gi(x1) f'(z2 — 1) f' (w3 — w2) -+ /(@01 — Tp2) f(t — 2p1) derday - - dy o

Tn—1 12
Tn—1
= ln2 n- 1// / d.%'ld.%'g d.’L‘n_l

nl
((1222)'/95 21 — 27" dg.
—o

Since f(f 2" 2 dz = L-¢"1 and ([25])

n—29x t Tl — 2) n—m—1 (n — 2)'
2de = -2 t —_—
/ v Z —In2)m(n —m —1)! * (—In2)n—1’

therefore, a closed-form expression of g, (t) can be obtained as follows

1)(In2)" 12222198322 . 9¥n—1=Tn—290"Tn-1 gy dgy - - - dzpy_1

=2

n n 1 n—1 n2)n—m-—1
gn(t) = 2 (t(nl_21 +2 Z n_t : 3)1). ="
= 2tmz::1 (ml)_n;; (t-In2)™ 4 (-1)", (3.19)

which can be calculated efficiently.
3.3 Outage Probability of the DF Cooperative ARQ Relay Scheme

In this subsection, we derive the outage probability of the DF cooperative ARQ relay scheme under
packet-rate fading conditions. In the DF cooperative ARQ relay scheme, if the relay decodes the

message from the source correctly, say, at the k-th round, then at the (k + 1)-th round, the relay



starts forwarding appropriate ARQ blocks to the destination. Let {7, = k} denote the event of
successful message decoding by the relay at the k-th round and subsequent ARQ block forwarding
at the (k + 1)-th round. Let Pp*, denote the conditional probability that the destination decodes
the message unsuccessfully after L ARQ retransmission rounds given that the event {7, = k}
occurred. In other words, Pﬁ”ik denote the outage probability at the destination despite the fact
that the relay started forwarding at the (k + 1)-th round. Therefore, the outage probability of the

DF cooperative ARQ relay scheme after L ARQ retransmission rounds can be written as

pout:L Z Pout, . Pr[T, =k]. (3.20)

First, we calculate the probability of the event {T}, = k} , i.e. Pr[T, = k|. The mutual infor-

mation between the source and the relay in the m-th ARQ round is

P
Isr,m = 10g2 <1 + /\[Oyhsr,m|2) . (32]_)

We note that the channels change independently over each ARQ retransmission round in a fast
fading scenario, so the mutual information of fading channels can be viewed as a sum of independent

random variables. The probability that the relay decodes the message successfully at the first round

(T, =1)is
2B 1 N
Pr(T, =1 =Pr[l;1 > R] = exp (— oy . Ps) ) (3.22)
Forany T, = k, k=2,3,...,L — 1, we have
k—1 k
Pr[T, =k] = Pr [Z Iom <R, Igm >R
m=1 m=1
k—1 k
= Pr [Z Iy <R| =Pr|> Iym <R
m=1 m=1
NO k—1 NO k
~ (R —gr(R , 3.23
s (35 ) —am (55 (3.23)

where gi—1(-) and gx(-) are specified in (3.19) in the previous subsection. The approximation in
(3.23) is obtained by applying Lemma 1 with M = 1. Finally, if 7,, = L, we have

L—1
Pr[T, = L]=Pr [Z Tom < R
=1

N L-1
~gr-1(R) (GQ ggs> : (3.24)
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To summarize, the probability Pr [T, = k| can be given by the following branch function

exp(—ngl-%g, k=1,
N k—1 N k
Pr(T, = k] ~{ g 1(R) (02 (}gs) — ge(R) (02 333) L 2<k<L-1 (3.25)
L—1
g1 (B) (A%) K =L
\ sr+ S

Next, we calculate the conditional outage probability ijfik when the relay decodes correctly
at the k-th round and starts forwarding at the (k + 1)-th round. This is done by the following

theorem.

Theorem 3.1 The conditional outage probability Pﬁik, 1<k<L, is given by

b(R) (N \F [ o \ETF .
) (5,)" () 1<k

N L
(@) ke

where gi(-) are specified in (3.19), and

>

t
()£ [ o)y it - o) (3.27)
0
in which q1(t) = (2! — 1) and for any 2 <n < L — 1, qu(t) is given by

gn(t) = (—217@2)”712 (—1)erttenplten-Dip,  (1—a,01—ag,  , Qp-o—0m_1;1)
a1, ,0n—1

€{0,1}
- 2Fn—1(—041, Q1 —aQ2, -+ ,Qp_2—Qnp_1; t)

+Fn_1(—1—061,061—()é2, e 70471—2_0571,—1;75)}- (328)

The function F,_1( - ;t) is specified in Lemma 3.2.

Proof : When the relay cooperates with the source by jointly sending a message block via the
Alamouti scheme, the mutual information of the cooperative channels in the m-th ARQ round is
given by [21]

P P
Isrdm = logy <1 + A—/,‘;|hsd7m\2 - Nﬁ;\hmm\?) : (3.29)
Thus, with L ARQ rounds, the total mutual information is

anzl Isd,m + Zﬁm:k-}-l Is'rd,my 1<k<L;
9, = 3:30)

Zﬁlzl ISd:m7 k = L

11



The above mutual information is based on the assumption that the channels change independently
over each ARQ retransmission round, so the mutual information of fading channels can be viewed
as a sum of independent random variables. We also note that when 7). = L, the relay has no chance

to cooperate since the source starts sending a new packet.

The conditional outage probability Pﬁ‘ik can be evaluated as
Pj‘i:‘ik =Pr [Iéf%:k < R] . (3.31)

When T, = L, the conditional outage probability is reduced to the direct ARQ scenario and it is
given by

No >L
—— . 3.32
o34 Ps (352)

In the following, we calculate the conditional outage probability (3.31) for any T, = k, k =

Pg, = Pr (1, < R] ~ gi(R) (

1,2,...,L — 1. For simplicity in presentation, we introduce the following notation. Let

10g2 (1 + 51|hsd,m‘2) , 1<m< k;
tm = (3.33)
logy (1+ s1lhsam[® + s2lhwaml?), k+1<m <L,

where s1 = Ps /Ny and s3 = P, /Njy. Then, the total mutual information can be written as

L
IPh =) tim. (3.34)
m=1

We note that for any 1 < m < k, |h5d7m|2 is an exponential random variable with parameter O';dQ.

Thus,
: . g 201 T,
lim sy -Priuy, <t]= lm s;-Pr||hsgm|” < =—2'-1), m=12--- k. (3.35)
§1—00 §1—00 S1 Ocd

Since um,, 1 < m < k, are independent random variables, by applying Lemma 1 with M = 1

recursively, we have

lim s’f - Pr

S§1—00

k 1 \k
3 < t] - (72) i (t), (3.36)

sd

where gi(t) is given in (3.19). For any m, k+1 < m < L, u,, involves the sum of two independent
exponential random variables \hsd,m|2 and |h,ﬂd,m|2 with parameters O'S_dQ and U;dQ, respectively, and

the distribution of wu,, can be specified as

Prlu, <t] = Pr [81|hsd7m‘2 + SQ‘hrdm@‘Q <2t — 1]

t__ t_ .
1= (14 2 exp (- 2251, if 3 = 2
I5d 1 T5d 1 Ord Osd
_ (3.37)
2 2
810~ t_ 8907 t_ .
1— ——l—exp <_ % 2 1) - 5 —-exp (_ % : 1)7 if 54 2,
8105479520 q Osd 51 82054751054 Ord 52 Ord Osd
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for any m =k + 1, ..., L. Thus, for any m =k + 1, ..., L, we have

. 1
Szlgnoo 5189 Pr [um < t] = m(zt — 1)2 (338)
1<i<2 sd”rd

Let qo(t) = 1 and p(t) = (2 — 1), then p'(t) = 2(2%" — 2))In2. Since wuy,, k +1 < m < L, are
independent to each other, by applying Lemma 3.1 with M = 2 recursively, we can show that for
anyn=12,...,L—k,
lim (s1s2)" - Z U < T 5 | (), (3.39)
8i—>00 202 10 rd
1<i<2 m=k+1 sa-rT
in which

t
qn(t) = / Gn-1(x)p'(t —z)de, n=1,2,..,L—k. (3.40)
0

We can see that when n = 1, ¢;(t) = (2! —1)2. But for larger n, the calculation of g,(t) is involved.

Based on Lemma 3.2, a closed-form expression for g, (t) can be obtained as follows:

t rTn—1 T2
= [ [ atenp e = onp e = ) s — )
0J0 0

xp'(t — xp_1)dz1dTs - - - dwp_q

Tn—1
// / (27 — 1)2(2n2)"" H (27 — 1)

(Zt Tn-1 _ 1)2t zld.Tld:EQ ceedap—1

- (_21112)"71 Z (_1)a1+"'+an712(1+Cln71)t
A1,..,Qn—1

{0,1}

t rTn—1 z2 n—1
X // . / (271 — 1)2 .9z H 2(am—1—am)$mdx1dx2 N
0/o

m=2

= (—2n2)""! Z (—1yertrtengten-Di B 3 (1— ay, Ba, .oy Br13t)

A1, —1

€{0,1}
—2F,_1(—o1, B2, .., Bn—13t) + Fpo1(—1 — a1, B2, ..., Bu—151) }, (3.41)
where fy = a1 — ag, f3 = ag — ag, ..., fn—1 = Qp—2 — Qp_1, and F,,_1( - ;t) is defined in (3.9) (a

closed-form expression for Fj,_1( -;t) is given in Lemma 3.2). We note that in the case where ; is
zero for some 4, the non-zero condition in Lemma 3.2 is not satisfied. In such case, we may evaluate
F,_1(-;t) by applying Lemma 3.2 with 8; = ¢; where ¢; is sufficiently small (i.e. ; — 0) (Since
the function F,(f1, ..., On;t) defined in (3.9) is continuous in terms of 3;, 2 < i < n — 1, so is the

closed-form expression in Lemma 3.2).
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According to the result in (3.39) with n = L — k, we have

‘ - 1 L—k
Silgnoo (s152)" [ Z Uy, < t] <2U p ) qr—k(t), (3.42)
1<i<2 m=k+1 sd”rd

where g1, (t) can be calculated specifically based on (3.41). Combining (3.36) and (3.42), and
applying Lemma 1, we obtain
L k L 1NE /7 1 \L*
. L L—
Jim_ s7s -Pr[z Lam+ Y Tadm < R] = bp(R) <2) (202 ) , (3.43)
1<i<2 m=1 m=k+1 rd
where
t
belt) = [ on(o)dy it~ o) (3.44)
0
Since s1 = Ps/Npy and s2 = P,./Ny, so for any T,, = k, k = 1,2, ..., L — 1, the conditional probability

(3.31) can be asymptotically approximated as

Pyt =P I I R| ~ ) (Ao R 3.45
Pri=, = TZSdm+Z srdm < U~ o1\ o p 2 P ’ (3.45)
m=k+1 Osdats rd- T
which completes the proof of the theorem. |

Finally, based on the probability Pr[7, = k| in (3.25) and the conditional outage probability
Pﬁlfik in Theorem 3.1, we can obtain the outage probability for the DF cooperative ARQ relay

scheme as follows

L—-1 L L—k k—1
out, bk(R) NO NO No N()
Pt~ S0 [gk‘l(R) — 9x(R) o2 P, \o2,P,) \o2,P, o2 P,

k=1 sr
NO L NO L—1

R)gr—1(R . 3.46

raBaam () (5%) (3.46)

Furthermore, we note that the term gx(R) aév(}g would be much smaller than g;_1(R) at high SNR
/I\Df so the asymptotic outage probability in (3.46) can be further simplified as
L _ _

pout.L Z bk(R)gk—l(R) NO g NO Lok NO e (3 47)

Pt 2Lk o2, P; o2,P, o2, P, ’ '

where bz, (R) = g1, (R). Simulation studies presented later in this paper will illustrate the tightness

of the outage probability at high SNR.

L
Based on the above asymptotic outage probability, we observe that the term (Uév & ) in (3.47)
sd” S

contributes a diversity order L in the asymptotic outage performance, which is due to the fast
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2
04, Ps

L—k k-1
fading nature of the channels. The term (Jé\fo ) ( No ) contributes an overall diversity
order (L — k) + (k — 1) = L — 1 which is due to the cooperative relaying. Thus, the asymptotic
outage probability of the DF cooperative ARQ relay scheme has an overall diversity order 2L — 1.
In the case of the equal power allocation, i.e. P; = P. = P, the contribution of the diversity order
in the outage probability is more evident. We recall that the diversity order of the direct ARQ
transmission scheme is only L, which is due to the fast fading nature of the channels, and it is

much smaller than that of the DF cooperative ARQ relay scheme.

4 Optimum Power Allocation for the DF Cooperative ARQ Relay
Scheme

In this section, we derive the asymptotically optimum power allocation strategy for the DF cooper-
ative ARQ relay scheme based on the approximation of the outage probability that was presented
in the previous section. Without loss of generality, we denote the total transmission power as
P+ P, 2 2P, where Ps and P, are the power used by the source and the relay, respectively. Then,
for any given total transmission power 2P, we try to determine optimum power Ps; and P, in order
to minimize the asymptotic outage probability.

Let X denote the ratio of the source power Ps; to the total transmission power, i.e. A = 5—;3.

Then 0 < A <1 and P, = (1 — A\)2P. The asymptotic outage probability of the DF cooperative

ARQ relay scheme can be written as

02

L Ny 2L-1 L 202 k 1

ut, sr rd

poutL D=yeny (213) > b(R)ge-1(R) ( — > T T (4.1)
S T k-:1

ST

We try to find the optimum power ratio A (0 < A < 1) such that the asymptotic outage probability

. . . . A 202 k
is minimized. Let Ag(R) = bi(R)gx—1(R) ( 02,Td> and

L Ap(R
G023 ity sy “2)
=1

Then the optimization problem can be formulated as follows

min G(N)
st. 0< A<, (4.3)
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The optimum value of A (i.e. Aop) satisfies the following equation

L+k-1) L—k
ZAk {)\LJrk( — \)L-k + AL+R=T(] — )\)Lkﬂ} =0, (4.4)

or equivalently

iAk(R){—(LJrk—l) (1;)\)k+(L—k:) (“AA)“} 0. (4.5)

k=1
Equation (4.5) can be easily solved by the Newton method. Looking closely at equation (4.5), we
observe the followings. Since Ag(R) is positive, then % must be less than 1, otherwise the left-
hand side of (4.5) is negative. It is thus implied that A > 1, i.e. P; > P and P, < P which means
that we should allocate more power at the source and less power at the relay. It also shows that the
equal power allocation scheme that assigns equal power to the source and the relay is not optimum
in general. On the other hand, for any given transmission rate R, the parameters Ax(R) in (4.5)
depend only on o2, and o2, which are the variance values of the source-relay and relay-destination
channel links, respectively. Thus, the asymptotic optimum power ratio A,y depends only on the
the variance of the source-relay and relay-destination channels, and not on the source-destination
channel link. A similar observation was reported in [11] where the optimum power allocation

between the source and the relay was determined based on the analysis of the symbol-error-rate

performance.

As an example, we study the case where L = 2. In this case, equation (4.5) is reduced to

34,(R) (“AAY +241(R) (T) _ A(R) =0, (4.6)

so the optimum power ratio is

Thus the corresponding optimum power allocation at the source and at the relay is given by

14+4/1+ 3A2
P, = (4.8)

1+ 5y/1+3520
P = S (4.9)
L+ 34/1 43528

In (4.8) and (4.9), ifgg 2b2£i)%(R) o Thus, the optimum power allocation dependents only

on the ratio of the variance of the source-relay channel and the variance of the relay-destination
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channel, which is consistent with our observation that we based on equation (4.5). Also, from (4.8)
and (4.9), we can see that P < Ps; < 2P and 0 < P, < P, i.e. we should allocate more power
at the source and less power at the relay to optimize the overall performance at the destination.
Furthermore, (4.8) and (4.9) imply that if the relay is located close to the source, i.e. 02, > o2,
P goes to %P and P, goes to %P. On the contrary, if the relay is located close to the destination,
ie o2 < de, P goes to 2P and P, goes to 0, which means that, in this case we should allocate
most of the power (2P) at the source. The latter is is reasonable since the cooperative role of the

relay is minor in this case.

5 Simulation Results

In this section, we present numerical and simulation studies that compare the performance of the
DF cooperative ARQ scheme with that of the direct ARQ scheme. In all studies, the variance of
the channel h;; {(i,7) € (s,d),(s,r),(r,d)} is assumed to be afj = di_j“, where d;; is the distance
between two nodes and g is the path loss exponent which is assumed to be u = 3 in a typical
fading environment. We assume that the source-destination distance is d;g = 10 m and the relay is

located in the midpoint between the source and the destination. We consider a target transmission

rate of R = 2 bits/s/Hz.

Figs. 2, 3 and 4 illustrate the performance curves when the maximum number of ARQ retrans-
mission rounds is L = 2, 3 and 4, respectively. In these figures, equal power allocation is assumed,
i.e. P, = P. = P. All figures show that the proposed theoretical approximation of the outage
probability of the DF cooperative ARQ relay scheme is tight for high SNR values while it is less
tight for low SNR values. For example, in Fig. 2 (L = 2), the analytical approximation curve is
almost indistinguishable from the simulated curve for all outage performance levels below 1073,
Moreover, the larger the number of ARQ retransmission rounds, the higher the diversity order of
the DF cooperative ARQ relay scheme. This observation is consistent with the theoretical result
that the diversity order of the DF cooperative ARQ relay scheme increases as the number of ARQ

retransmission rounds increases.

All Figs. 2—4 show that the DF cooperative ARQ relay scheme significantly outperforms the

direct ARQ scheme. At an outage performance of 10™%, the performance of the DF cooperative

17



ARQ relay scheme is about 8dB better than that of the direct ARQ scheme. For the same maxi-
mum number of retransmission rounds L, the DF cooperative ARQ relay scheme exhibits a higher
diversity order than the direct ARQ scheme which is consistent with our theoretical developments,
i.e. the DF cooperative ARQ relay scheme has diversity order 2L — 1, while the direct ARQ scheme

has diversity order only L.

In Fig. 5, we plot the power allocation optimization function G(\) in terms of A (0 < X < 1) for

the cases where L = 2, 3 and 4, respectively. We assume that the quality of the source-relay link is

2

2 =02,. We observe that the optimum power

the same as that of the relay-destination link, i.e. o
ratio A is about 0.8 for the three cases. More precisely, from the numerical results, the optimum
power ratios are A = 0.8203, A = 0.7969 and A = 0.7838 for L = 2, 3 and 4, respectively. It appears
that the optimum power ratio decreases gradually when the maximum number of retransmission

rounds is increased. Furthermore, the optimum power ratio is much larger than 1/2 which is

consistent with our analysis that we should allocate more power at the source and less at the relay.

In Figs. 6-8, we compare the performance of the DF cooperative ARQ relay scheme with op-
timum power allocation and with equal power allocation for L = 2, 3 and 4, respectively. Both
simulation and numerical approximation curves are included. In Fig. 6 (L = 2), the optimum
power allocated at the source and the relay is set to the numerical values obtained from Fig. 5, i.e.
Ps/2P = 0.8203 and P,/2P = 0.1797, respectively. We observe that the performance of the DF
cooperative ARQ relay scheme with the optimum power allocation is about 1.5dB better than that
of the scheme with the equal power allocation. In Fig. 7 (L = 3), the optimum power allocation is
Ps/2P = 0.7969 and P,/2P = 0.2031, and the corresponding curve shows a performance improve-
ment of 1.25dB compared to the equal power allocation case. In Fig. 8 (L = 4), the optimum
power allocation is Ps/2P = 0.7838 and P,/2P = 0.2162. We see that the performance curve of
the DF cooperative ARQ relay scheme with optimum power allocation also exhibits performance

gains of about 1.25dB compared to the performance of the equal power allocation scheme.

6 Conclusion

In this paper, we developed, for the first time, a closed-form asymptotically tight (as SNR — o0)

approximation of the outage probability for the DF cooperative ARQ relay scheme under fast

18



fading conditions. The closed-from expression provides significant insight into the merits of DF
cooperative ARQ relaying relative to the direct ARQ scheme in fast fading scenarios and shows
that the cooperative scheme achieves diversity order equal to 2L — 1 while the diversity order of
the direct scheme is only L. Simulation and numerical studies illustrated that the closed-form
approximation of the outage probability is tight at high SNR. Based on the asymptotically tight
approximation of the outage probability, we were able to determine the optimum power allocation
strategy for the DF cooperative ARQ relay scheme. It turns out that equal power allocation is not
optimum in general and that the optimum power allocation strategy depends on the link quality of
the channels related to the relay. It is also clear that we should allocate more power at the source
and less at the relay. Further numerical and simulation studies illustrated the performance gains of
the DF cooperative ARQ relay scheme with optimum power allocation relative to the equal power

allocation scheme.

References

[1] A. Sendonaris, E. Erkip, and B. Aazhang, “User cooperation diversity-Part I: system descrip-
tion,” IEEE Trans. Comm., vol. 51, pp.1927-1938, Nov. 2003.

[2] A. Sendonaris, E. Erkip, and B. Aazhang, “User cooperation diversity-Part II: implementation
aspects and performance analysis,” IFEE Trans. Comm., vol. 51, pp.1939-1948, Nov. 2003.

[3] J. N. Laneman, D. N. C. Tse, and G. W. Wornell, “Cooperative diversity in wireless networks:
efficient protocols and outage behavior,” IEEE Trans. Inform. Theory. vol. 50, pp.3062-3080,
Dec. 2004.

[4] J. N. Laneman and G. W. Wornell, “Distributed space-time coded protocols for exploiting
cooperative diversity in wireless networks,” IEEE Trans. Inform. Theory, vol. 49, pp.2415-2425,
Oct. 2003.

[5] A. Nosratinia, T. E. Hunter and A. Hedayat, “Cooperative communication in wireless net-
works,” IEEE Communications Magazine, vol. 42, pp.74-80, Oct. 2004.

[6] T. E. Hunter and A. Nosratinia, “Diversity through coded cooperation,” IEEE Trans. Wireless
Comm., vol. 5, pp.283-289, Feb. 2006.

[7] E. C. van der Meulen, “A survey of multi-way channels in information theory: 1961-1976,”
IEEE Trans. Inform. Theory, vol. 23, no. 1, pp.1-37, Jan. 1977.

[8] T. M. Cover and A. A. El Gamal, “Capacity theorems for the relay channel,” IEEE Trans.
Inform. Theory, vol. 25, no. 5, pp.572-584, Sep. 1979.

19



[9] A. H¢st-Madsen and J. Zhang, “Capacity bounds and power allocation for wireless relay chan-
nels,” IEEE Trans. Inform. Theory, vol. 51, pp.2020-2040, Jun. 2005.

[10] G. Kramer, M. Gastpar and P. Gupta, “Cooperative strategies and capacity theorems for relay
networks,” IEEE Trans. Inform. Theory, vol. 51, pp.3037-3063, Sep. 2005.

[11] W. Su, A. K. Sadek, and K. J. R. Liu, “Cooperative communication protocols in wireless
networks: performance analysis and optimum power allocation,” Wireless Personal Communi-
cations (Springer), vol. 44, no. 2, pp.181-217, January 2008.

[12] A. K. Sadek, W. Su, and K. J. R. Liu, “Multi-node cooperative communications in wireless
networks,” IEEFE Transactions on Signal Processing, vol. 55, no. 1, pp.341-355, January 2007.

[13] S. Lin and D. J. Costello, Jr., Error Contorl Coding: Fundamentals and Applications. Engle-
wood Cliffs, NJ: Prentice-Hall, 2004.

[14] A. Goldsmith, Wireless Communications. New York, NY: Cambridge University Press, 2005.

[15] D. Chase, “A combined coding and modulation approach for communication over dispersive
channels,” IEEE Trans. Comm., vol. 21, pp. 159-174, Mar. 1973.

[16] S. Lin and P. Yu, “A hybrid ARQ scheme with parity retransmission for error control of
satellite channels,” IEEE Trans. Comm., vol. 30, pp. 1701-1719, Jul. 1982.

[17] G. Benelli, “An ARQ scheme with memory and soft error detectors,” IEEE Trans. Comm.,
vol. 33, pp. 285-288, Mar. 1985.

[18] R. Comroe and D. J. Costello, Jr., “ARQ schemes for data transmission in mobile radio
systems,” IFEFE J. Select. Areas Commun., vol. 2, pp. 472-481, Jul. 1984.

[19] G. Caire and D. Tuninetti, “The throughput of hybrid-ARQ protocols for the Gaussian collision
channel,” IEEE Trans. Inform. Theory, vol. 47, pp. 1971-1988, July 2001.

[20] B. Zhao and M. C. Valenti, “Practical relay networks: a generalization of hybrid-ARQ,” IEEE
J. Select. Areas Commun., vol. 23, no. 1, pp.7-18, Jan. 2005.

[21] T. Tabet, S. Dusad and R. Knopp, “Diversity-multiplexing-delay tradeoff in half-duplex ARQ
relay channels,” IFEE Trans. Inform. Theory, vol. 53, pp.3797-3805, Oct. 2007.

[22] S. Tomasin, M. Levorato, and M. Zorzi, “Analysis of outage probability for cooperative net-
works with HARQ),” in Proc. IEEE Int. Symp. Infor. Theory (ISIT), Nice, France, June 2007.

[23] S. M. Alamouti, “A simple transmit diversity technique for wireless communications,” IEEE
J. Select. Areas Commun., vol. 16, no. 8, pp.1451-1458, Oct. 1998.

[24] J. N. Laneman, “Limiting analysis of outage probabilities for diversity schemes in fading
channels,” in Proc. IEEE Global Comm. Conf. (GLOBECOM), vol. 3, pp.1242-1246, Dec. 2003.

[25] 1. S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series, and Products, San Diego, CA:
Academic Press, 1994.

20



10
10*
107
P
5 3
T 10
S
o
3] .
2107
5
o
10°F
— — — Direct ARQ: Approximation
10° Direct ARQ: Simulation
— % — Cooperative ARQ: Approximation
, —©— Cooperative ARQ: Simulation
10_ 1 1 I
25 30 35 40 45 50

P/Ny(dB)

Figure 2: Outage probability of the direct and DF cooperative ARQ schemes (L=2).
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Figure 3: Outage probability of the direct and DF cooperative ARQ schemes (L=3).
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Figure 4: Outage probability of the direct and DF cooperative ARQ schemes (L=4).

Figure 5: Optimum power ratio A for the DF cooperative ARQ scheme. When L=2, 3 and
4, the asymptotic power allocation is A = 0.8203, A = 0.7969 and A = 0.7838, respectively.
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Figure 6: Outage probability of the DF cooperative ARQ scheme with equal and optimum
power allocations (L=2).
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Figure 7: Outage probability of the DF cooperative ARQ scheme with equal and optimum
power allocations (L=3).
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Figure 8: Outage probability of the DF cooperative ARQ scheme with equal and optimum
power allocations (L=4).
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